Theoretical predictions for the core helium burning phase of stellar evolution are highly sensitive to the uncertain treatment of mixing at convective boundaries. In the last few years, interest in constraining the uncertain structure of their deep interiors has been renewed by insights from asteroseismology. Recently, Spruit (2015) proposed a limit for the rate of growth of helium-burning convective cores based on the higher buoyancy of material ingested from outside the convective core. In this paper we test the implications of such a limit for stellar models with a range of initial mass and metallicity. We find that the constraint on mixing beyond the Schwarzschild boundary has a significant effect on the evolution late in core helium burning, when core breathing pulses occur and the ingestion rate of helium is fastest. Ordinarily, core breathing pulses prolong the core helium burning lifetime to such an extent that models are at odds with observations of globular cluster populations. Across a wide range of initial stellar masses (0.83 ≤ M/M ⊙ ≤ 5), applying the Spruit constraint reduces the core helium burning lifetime because core breathing pulses are either avoided or their number and severity reduced. The constraint suggested by Spruit therefore helps to resolve significant discrepancies between observations and theoretical predictions. Specifically, we find improved agreement for R 2 , the observed ratio of asymptotic giant branch to horizontal branch stars in globular clusters; the luminosity difference between these two groups; and in asteroseismology, the mixed-mode period spacing detected in red clump stars in the Kepler field.
INTRODUCTION
In the evolution of low-mass stars, core helium burning (CHeB) is the third stage of nuclear burning, following core-and shellhydrogen burning, which occur during the main sequence and RGB phases, respectively. Depending principally on the stellar mass, and therefore their effective temperature, observed CHeB stars may be described as subdwarf B, horizontal branch, RR-Lyrae, red clump, or secondary clump (Girardi 1999) stars. Despite the contrasting surface conditions, the cores of each of these types of stars are similar: they have a central helium-burning convection zone beneath a helium-rich shell where energy transport is dominated by radiation. Detailed modelling of the evolution of the structure of the cores of these stars poses significant challenges. Historically, progress in refining models of the mixing in the deep interior of CHeB stars has ⋆ E-mail: T.Constantino@exeter.ac.uk been impeded by the lack of direct observational constraints or a sufficient physical model.
The importance of the convective boundaries
The dominant cause of the uncertainty in our understanding of the evolution of CHeB stars is the strong dependence on the treatment of mixing at convective boundaries. In low-mass (around 1 M⊙) models, the mass of the convective core does not grow if there is no mixing beyond the Schwarzschild or Ledoux boundary. However, if there is some mixing beyond the boundary of the convective core and into the radiative region, from e.g. convective overshoot or numerical diffusion, the resulting changes in composition alter the convective stability. In general, feedback from polluting the radiative zone with the higher opacity products of helium burning, specifically carbon and oxygen, leads to growth in the mass enclosed by the convective core. Consequently, the CHeB phase lifetime increases substantially -by around a factor of two (see e.g. Constantino et al. 2015 Constantino et al. , 2016 .
Depending on the mixing prescription, a partially-mixed, or 'semiconvection', zone can develop between the convective core and the convectively stable shell above. This semiconvection region tends to be marginally stable according to the Schwarzschild criterion and stable according to the Ledoux criterion, because the mass fraction of carbon (or oxygen), and therefore mean molecular weight, decreases outwards. This configuration can develop either through an explicit numerical scheme (e.g. Castellani et al. 1971b; Robertson & Faulkner 1972; Demarque & Mengel 1972) or simply by allowing overshoot at convective boundaries (Lattanzio 1986; Caloi & Mazzitelli 1990) . In CHeB models, the presence (or not) of semiconvection is important because the semiconvection zone can grow to enclose an amount of mass comparable to the convective core itself, and affect subsequent evolution.
The composition discontinuity that arises at the convective boundary means it is inappropriate to use an extrapolation scheme (e.g. Gabriel et al. 2014) to determine the position of the convective boundary. Moreover, as burning progresses the magnitude of the discontinuity increases, and the position of the formal convective boundary becomes increasingly unstable to episodes of mixing. This culminates in core breathing pulses (CBP), the rapid growth in the size of the convective core and ingestion of helium late in CHeB (Sweigart & Demarque 1973; Castellani et al. 1985) . Sweigart & Demarque (1973) showed that the convective boundary is unstable to perturbations in the helium abundance because the energy generation rate becomes sensitive to small amounts of mixing when the composition contrast between convective core and its surroundings increases. Late in CHeB, when the helium abundance is low, even the small absolute changes in helium abundance from overshoot have a large effect on the rates of helium-burning reactions because of the large relative change in the helium abundance.
CBP extend the CHeB lifetime and shorten the subsequent early-asymptotic giant branch phase. The number, and extent, of CBP that develop is sensitive to numerical treatment and overshooting prescription (e.g. Constantino et al. 2016) . A number of methods have been employed to suppress CBP, such as omitting the gravitational energy term (Dorman & Rood 1993) , artificially preventing core growth if it would increase the central helium abundance (e.g. Caputo et al. 1989; Bono et al. 1997b; Cassisi et al. 2001) , and using a non-local scheme for mixing beyond the Schwarzschild boundary (e.g. Bressan et al. 1986; Constantino et al. 2016 ).
Recent progress in modelling
In this paper we rely primarily on the observational constraints used in the first two papers in this series. We will not restate these in detail here; instead readers are directed to those papers for background and a summary of the literature.
In Constantino et al. (2015) , hereinafter Paper I, we compared a suite of stellar models with asteroseismic analysis of core helium burning stars observed during the initial four-year mission of the Kepler spacecraft (Mosser et al. 2012 (Mosser et al. , 2014 Vrard et al. 2016; Mosser et al. 2017) . The quantity of particular interest was the inferred asymptotic g-mode period spacing of ℓ = 1 modes, ∆Π1, because theoretical calculations show its sensitivity to the conditions in and around the convective core. Crucially, asteroseismology provides the most direct information about the interior structure of CHeB stars.
In Constantino et al. (2016) , hereinafter Paper II, we used two constraints derived from the colour-magnitude diagrams of globular clusters: R2, the observed ratio of asymptotic giant branch (AGB) to horizontal branch (HB) stars; and ∆ log L AGB HB , the luminosity difference between the AGB "clump" and the horizontal branch.
In both of those studies, the treatment of mixing was the most important uncertainty in the models. We computed (i) models with a strict Schwarzschild criterion convective boundary, i.e. with neither numerical nor explicit overshooting, and therefore no growth in the mass of the convective core, (ii) models with a region of partial mixing outside the convective core, resulting from either the "semiconvection" or "standard overshoot" scheme, and (iii) a test case "maximal overshoot", which produces the largest possible convective cores. The "semiconvection" sequences were computed by allowing slow mixing in regions formally stable according to the Schwarzschild criterion (i.e. where ∇rad < ∇ad). In those models, the diffusion coefficient D depended on the stability: log D/D0 ∝ ∇rad/∇ad where D0 is a constant, and mixing was only appreciable where ∇rad was close to ∇ad. The standard overshoot models were computed by applying the scheme proposed by Herwig et al. (1997) where there is an exponentially decaying diffusion coefficient DOS beyond each convective boundary:
where D0 is the diffusion coefficient inside the convective boundary derived from MLT, z is the distance from the boundary, Hp is the local pressure scale height, and fOS is a free parameter. In the maximal overshoot scheme, the application of convective overshoot was controlled to ensure that the mass of the convective core was as large as possible (i.e. such that ∇rad > ∇ad throughout) and there was no partially mixed region. Both studies showed that evidence is conclusively against models without mixing beyond the Schwarzschild boundary. Models with "standard overshoot", i.e. overshoot across all convective boundaries, were consistent with both sets of observations, depending on the interpretation of the asteroseismic observations, but only if large CBP late in CHeB are somehow avoided. Models with maximal overshoot provided a good match to the seismic constraints but were only consistent with the globular cluster observations if the overshooting in the subsequent 'gravonuclear' loop phase (Bono et al. 1997a,b; Sweigart et al. 2000) was explicitly tuned for the purpose.
Elsewhere, models with a larger overshoot region of 0.5 Hp have also been tested against asteroseismology. Regardless of whether the radiative or adiabatic temperature gradient is used in the overshooting region, these models can provide good matches for ∆Π1 in the open clusters in the Kepler field (Bossini et al. 2017) . In that implementation, however, the overshooting is moderated by extending the mixed region 0.5 Hp from the minimum of ∇rad in the convection zone, which is not necessarily at the boundary (Bossini 2016) . Interestingly, this approach, in particular for models with 'penetrative convection' where the adiabatic temperature gradient is imposed in the overshooting region, tends to generate a structure very similar to the maximal overshoot models in Papers I and II (see e.g. Figure 2 and 4 in Bossini et al. 2015) .
Structures comparable to the maximal overshoot models may also be formed by different means. Schindler et al. (2015) applied atomic diffusion without overshoot to yield monotonic growth in the mass of the convective core (which similarly occurs due to numerical diffusion in MONSTAR models without explicit overshoot and an insufficiently resolved mesh; see e.g. the upper panel of Figure 1 in Campbell et al. 2016) . VandenBerg et al. (2016) and Denissenkov et al. (2017) produce a similar structure by choosing appropriate parameters for the mixing scheme described by Equation 1: they use a small value for the parameter fOS, which is then reduced further late in CHeB; they also measure D0 from close to the convective boundary and replace it with a fraction of the thermal diffusivity K when D0 < K.
Recently, Spruit (2015) deduced a limit on the growth of helium-burning convective cores. This constraint exists because where there is a difference between the mean molecular weight of the material on either side of a convective boundary, the growth of the convection zone from "overshooting" should not exceed a rate that would imply that ascending fluid elements are less buoyant than descending fluid elements. In the case of a helium-burning convective core expanding in mass, the cooler fluid elements descending from the outer boundary of the convection zone are made less dense, and more buoyant, by the entrainment of higher-helium material from beyond the boundary.
In preliminary calculations, Spruit (2015) found that the maximum rate of growth predicted from the structure of CHeB stellar models is of the same order of magnitude as the core growth rate inferred from observations of (approximately solar mass) CHeB stars. This finding strongly suggests that this new limit may be an important consideration for theoretical predictions of the evolution of the CHeB phase. In this paper we test the implications of applying this core growth constraint throughout the evolution of full stellar models.
IMPLEMENTATION OF THE MIXING SCHEME
We determine the maximum entrainment rate using the same approximation as Spruit (2015) , namely that the core is a fully ionized helium-carbon mixture. We therefore arrive at an expression, equivalent to Equations 12 and 16 in Spruit (2015) , for the maximum rate at which helium may be ingested:
where αi is the ingestion efficiency, R is the gas constant, and L, T , ∇rad, and ∇ad are the luminosity, temperature, radiative temperature gradient, and adiabatic temperature gradient, respectively, at the inside boundary of the convection zone. We shall hereinafter refer to this scheme as "Spruit overshoot" (SOS). We apply SOS after the ignition of helium and only for convective boundaries in the hydrogen-free core. After each time step ∆t, Equation 2 is used to determine the extent of mixing, i.e. ∆m =ṁi∆t. At outer convective boundaries (where the helium abundance is typically higher outside the boundary than it is inside the convection zone) the procedure is as follows:
(i) Loop outward over the mesh beginning at the first radiative zone j1. (ii) At each step in the loop, zone jn say, calculate the mass of helium ∆m that would be transported into the convective region if the convection zone were to be fully mixed with the material in zones j1 to jn. This is calculated from
where ∆mj is the mass in each shell, Yj is the helium mass fraction, and Yj 0 is the helium mass fraction in the convection zone.
(iii) Continue in the loop until the largest jn is found for which the rate of helium ingestionṁi is still less than the limit from Equation 2. (iv) Homogenize the chemical species in the region that includes the convection zone and the radiative zone up to jn.
At inner convective boundaries (which arise when ∇rad/∇ad reduces and a radiative zone appears inside a convective region) we also calculate the maximum rate helium can be mixed across the new Schwarzschild boundary. In that case the radiative region is likely to be less helium-rich than the convective region, i.e. Yj − Yj 0 < 0, so the same procedure is applied except the loop proceeds in the opposite direction and Yj 0 − Yj is used instead of Yj − Yj 0 in Equation 3. We use a very fine mesh near convective boundaries, typically of the order ∆mj ≈ 10 −8 M⊙, to ensure that the rate at which helium actually mixes,ṁi in Equation 3, closely matches the calculated limitṁi in Equation 2, i.e. ∆mj ≪ ∆m.
In our models, mixing proceeds precisely as far as specified by the algorithm, i.e. we always apply the maximum rate of ingestion indicated by Equation 2 (after including the efficiency factor). In the evolution sequences computed for this paper, the maximum time step (∆t = 2.5 × 10 3 yr for the models with M ≤ 1 M⊙ for example) is short enough for ∇rad/∇ad at the boundary to not change significantly between time steps. We also reduce the time step when necessary in order to limit the distance over which overshoot mixing can occur to at most 1.0 Hp. This is generally not important, however, because the limit is most likely to be reached if the composition is nearly uniform, and in that case, with a well resolved mesh, 1−∇ad/∇rad vanishes near the convective boundary (and so too, therefore, does the rate of ingestion).
In our implementation, the extent of overshoot is determined only by the conditions at the convective boundary. Apart from the mesh point immediately adjacent to the boundary, the conditions inside convection zones are not used to limit the rate of mixing. This is the case even if ∇rad/∇ad is smaller inside the convection zone than at the boundary, and which if used in Equation 2 would imply a lower ingestion rate. Although we do not investigate it in this paper, there is an interesting similarity between the SOS scheme where the minimum ∇rad/∇ad anywhere in the convection zone in Equation 2, and the models with maximal overshoot in Paper I and Paper II. In both cases, the rate that helium is mixed into the core decreases to zero as the minimum ∇rad/∇ad approaches unity (usually at a coordinate deep inside the convective core).
It is also worth pointing out the similarities and differences between SOS and other prescriptions in the literature. In a number of other schemes, the extent of overshooting also depends on the value of ∇rad/∇ad at the convective boundary. Castellani et al. (1971a) arrived at a "velocity" of convective core growth:
where µ i and µ e denote the mean molecular weight on the interior and exterior sides of the convective core boundary, respectively. Similarly, Sweigart (1991) 
where Fov is an uncertain parameter (and was set to 10 −5 in tests by Sweigart 1991 , nearly identical to Equation 4). Dependence on ∇rad/∇ad is also indirectly present in the Herwig et al. (1997) scheme (Equation 1), where there is an exponential decay in the diffusion coefficient, and which is used for the standard overshoot models in this paper. In that formulation, the extent of overshoot diminishes as ∇rad approaches ∇ad near the edge of the convection zone, via the MLT prediction for convective velocity.
In the SOS scheme and the three other examples, the rate of ingestion across the convective boundary is (theoretically at least) time-step independent. This contrasts with, e.g., mixing a fixed distance, such as a fraction of a pressure-scale-height, at each time step. In the CHeB case, the importance of this distinction for the evolution is amplified by the fact that the position of the convective boundary moves in response to mixing episodes.
STELLAR MODELS
In this study we compute stellar models with the Monash University stellar structure code MONSTAR, which has been described previously (e.g. Campbell & Lattanzio 2008; Constantino et al. 2014 , and references therein). We choose some representative stellar models: a 1 M⊙ solar-metallicity model that corresponds to those in Paper I, a M = 0.83 M⊙ and [Fe/H] = −1 model that corresponds to the globular cluster models in Paper II, and some higher-mass solar-metallicity models (2, 5, and 10 M⊙). The globular cluster model has initial helium content Y = 0.245, red giant branch mass loss rate given by Reimers (1975, with η = 0.4) , and the mass at the beginning of CHeB is 0.67 M⊙. The other models have Y = 0.278 and no mass loss. Both sets of models have a solar calibrated MLT parameter αMLT = 1.60.
The low-mass (M ≤ 2 M⊙) solar-metallicity and globular cluster models are suitable for comparisons with the key constraints from asteroseismology and observations of globular cluster stars, respectively. Such a modest range of model parameters is sufficient to explore the effects of SOS because compared with the uncertainties regarding mixing, CHeB evolution is relatively insensitive to the initial composition and other uncertainties (Paper II).
We analyse models with a wide range of 'ingestion efficiency', αi in Equation 2. This includes the models within the physically consistent range, 0.0 ≤ αi ≤ 1.0, and a handful of models with αi > 1.0 as an extreme test of the sensitivity. The models with 'standard overshoot' use the mixing scheme given in Equation 1, with fOS = 0.001, consistent with Papers I and II. Figure 1 shows the evolution of the internal helium abundance for a model with standard overshoot and another with SOS and αi = 0.25, half the 'reasonable upper limit' suggested by Spruit (2015) . The evolution of the central helium abundance and total mass of the convective core for these two cases is nearly identical for the first half of CHeB, until Ycent ≈ 0.4. After this, small differences occur, but the structures are again almost identical when Ycent ≈ 0.18. A lasting divergence between the two sequences only emerges very late in CHeB. The scale of this difference is not unexpected given the extent of the contrast between standard overshoot sequences computed with different parameters (see e.g. Figure 12 in Paper II). Figure 2 shows the evolution of the surface luminosity and central helium mass fraction for 1 M⊙ SOS models with a range of ingestion efficiency 0.05 ≤ αi ≤ 1.0 and for a standard overshoot model. The evolution of the models is similar for most of the CHeB phase: substantial differences in the luminosity and the central helium abundance are only apparent after more than about 100 Myr. During the earlier quiescent period, the position of the convective core boundary is relatively stable and the models typically experience only small increases in the central helium abundance of ∆Ycent 0.02 and the overall central helium depletion is consistent between all of the models. Similarly, differences in the helium burning luminosity are small: typically we find ∆ log LHeb/L⊙ 0.02 until about 100 Myr, when Ycent ≈ 0.1.
EVOLUTION WITH SPRUIT OVERSHOOT
Despite this similarity, and the essentially identical surface luminosity, a difference is evident: the sequences with lower αi experience slower episodes of helium ingestion into the core. In the models with αi ≤ 0.1 these generally take at least 1 Myr, compared with around 0.1 Myr in standard overshoot sequences. In contrast, in the models with higher ingestion efficiency (αi = 0.5, 1.0) helium is ingested at a rate comparable with that of the standard overshoot sequences. Models with standard overshoot and SOS with 0.05 ≤ αi ≤ 1.0 can have matching helium abundance profiles until fairly late into the CHeB phase (such as the two models with Ycent ≈ 0.18 in Figure 1 ). This is possible because the average rates of both helium ingestion and burning are generally consistent between these models until near the end of CHeB, when CBP occur.
The most obvious divergence appears late in CHeB when Ycent 0.1. The SOS models experience fewer, and smaller, increases in Ycent. The standard overshoot sequence includes several CBP where the central helium is replenished whereas the SOS sequences experience no more than two CBP with ∆Ycent > 0.04 and consequently have a significantly curtailed CHeB lifetime. In Section 4.3 we examine the mechanism by which the SOS models can avoid CBP. The extent to which SOS reduces the CHeB lifetime does not show a straightforward dependence on αi (in the range of αi tested here; see Section 4.2 for tests of the effect of a wider range of αi). There is a spread in CHeB lifetime of more than 10 Myr which is comparable to that seen for standard overshoot models computed with different parameters (see Paper II).
When SOS is used, the significantly moderated ingestion towards the end of CHeB reduces the availability of helium for the 12 C(α, γ) 16 O reaction. Consequently, the evolution sequences with SOS finish CHeB with a slightly higher C/O ratio in the degenerate core. The final difference in carbon mass fraction is around generally ∆XC = 0.01, but up to ∆XC = 0.08 for the αi = 0.1 model, which is the shortest-lived.
Comparison with asteroseismology
In the new field of red clump asteroseismology, the key constraint for models is the period spacing between ℓ = 1 g-modes. Observed oscillations of mixed g-mode and p-mode character (e.g, Bedding et al. 2010 ) may be analysed to infer the asymptotic limit of the ℓ = 1 g-mode period spacing (e.g. Mosser et al. 2012 Mosser et al. , 2014 Vrard et al. 2016) , which is known theoretically:
where N is the Brunt-Väisälä frequency, and the integral is over the region with N 2 > 0 (Dziembowski 1977). However, here we shall generically refer to this observationally derived period spacing as ∆P1 to account for the possibility that it differs from the theoretical asymptotic value. In Paper I we showed that standard overshoot models can match the asteroseismology, but only if, as suggested by our pulsation calculations, mode trapping at the outer boundary of the partially mixed zone increases the period spacing between the most observable modes, and therefore ∆P1. Whereas ∆Π1 depends on the radial extent of the convective core (Montalbán et al. 2013), if the mode-trapping scenario proposed in Paper I is correct then ∆P1 is actually dependent on the radial extent of the partially mixed zone. This is because certain modes are trapped by the sharp composition profile at the outer boundary of the partiallymixed region, while the remainder are insensitive to the partially mixed region and behave as though it is not part of the g-mode cavity. We adopt this assumption in order to compute ∆P1, which we then compare with observations. Supporting this assumption, pulsation calculations for main sequence models have shown this effect (Miglio et al. 2008) , and more recently Ghasemi et al. (2017) have reported in depth the effects of mode-trapping in CHeB models using independent stellar evolution and pulsation codes.
The similarity between models with Spruit and standard overshoot in both convective core size and the partially mixed region size is shown in Figure 1 . Irrespective of mode trapping, predictions for ∆P1 for most of the evolution are therefore unaffected by adopting the constraint from Spruit (2015) . The differences are only substantial later in the evolution, coinciding with the occurrence of CBP when the evolution is most susceptible to small differences in the extent of overshoot and the numerical treatment (see Figures 14 and 15 in Paper II).
Within the mode-trapping scenario, we would expect the reduction in the maximum extent of the partially mixed region to reduce the peak ∆P1. In Figure 3 we present a comparison between observations and predictions for ∆P1 (accounting for mode trapping in the same way as in Paper I) for 1 M⊙ models with SOS (αi = 0.05, 0.10, 0.25, 0.5, and 1.0) and with standard overshoot (with fOS = 0.001). These are plotted in the ∆ν − ∆P1 plane, where ∆ν is the mean large frequency separation (which is a measure of the sound crossing time of the star). In this space, models evolve from low to high ∆P1 at nearly constant ∆ν for the bulk of the CHeB phase, then to lower ∆ν very late in CHeB. The observations are Kepler field stars with asteroseismic-determined mass 0.8 < M/M⊙ < 1.25 from Figure 1 in Vrard et al. (2016) .
In Table 1 we show the maximum mass enclosed by the partially mixed region outside the convective core (which invariably happens at the end of CHeB). This is strongly dependent on the late-CHeB evolution and as a proxy for radius gives an indication of the peak ∆P1 expected within the mode-trapping scenario. SOS models with lower αi tend to have a less massive partially mixed region (although the dependence upon αi is not monotonic) and consequently the sequences with lower αi generally do not predict more stars with high ∆P1 than are observed (Figure 3) . Increasing αi only has a small effect on the mass enclosed by the partially mixed region because if αi is sufficiently large (αi 0.05 in our tests) the outermost convection zone in the core will advance until it is only marginally unstable (∇rad/∇ad ≈ 1), when the ingestion rate vanishes (Equation 2). An example of this can be seen at m = 0.28 M⊙ in the model with SOS and αi = 0.25 shown in Figure 5 (which is discussed in Section 4.3).
In all of the Spruit overshoot models shown in Figure 3 the mixing during the bulk of CHeB is relatively slow compared with other schemes such as the fOS = 0.001 sequence, or those with instantaneous overshoot, e.g., those from Montalbán et al. (2013) . The choice of αi in that range (0.05 ≤ αi ≤ 1.0) has only a small effect on the radius of the edge of the partially mixed zone, and therefore ∆P1. More substantial differences occur later in CHeB but this does not have a large effect on the typical ∆P1 for a number of reasons: i) most of the ∆P1 evolution has already been determined by this time; and ii) the convective core and partially mixed zone are more C-and O-rich, and therefore more dense, reducing the radial extent of the partially mixed zone. When αi is small, the ingestion rate, and therefore the growth of the partially mixed core, is always limited by the condition from (Spruit 2015) , so the extent of overshoot is typically much less than is the case with instantaneous overshoot, for example.
The standard overshoot result is consistent with the two equivalent example sequences in Paper I that predict a maximum ∆P1 Table 1 . Maximum mass (in units of M ⊙ ) enclosed by the partially mixed region (i.e. the combined mass of the convective core and the partially mixed region surrounding it) during the CHeB evolution for low-mass models with different SOS ingestion efficiency and with standard overshoot. slightly higher than is observed. The highest ∆P1 during the evolution is attained following CBP, when the partially mixed region extends furthest. The speed of CBP is responsible for the isolated sequences at high-∆P1 in the left-hand panel of Figure 3 , which are most pronounced with standard overshoot. In contrast, the models with SOS undergo fewer CBP and therefore the peak values of ∆P1 and the predicted number of stars with high ∆P1 (larger than 340 s) are both reduced, better conforming with observations. The difference in predictions for ∆P1 among these models is almost entirely due to the extent of CBP: sequences with more CBP tend to have a longer lifetime and finish the CHeB phase with a larger partially mixed region, increasing ∆P1. Indeed, were another method employed to suppress CBP in the standard overshoot sequence, its ∆P1 evolution would closely match that for SOS models, and similarly better match the observations. Each of the distributions for SOS sequences in Figure 3 show peaks at low-and high-∆P1 corresponding to the beginning and later part of CHeB, respectively. The absence of such peaks in the observed data could be explained by the diversity in the Kepler field: a variation of helium and metallicity of ∆Y = 0.1 and ∆[Fe/H] = 0.05 could each explain a spread of ∆P1 of greater than 10 s (see e.g. Bossini et al. 2017 ) and this would be exacerbated after accounting for the stochastic evolution of the models in this paper. Additionally, observational and fitting errors would tend to smooth the peaks in the ∆P1 distribution. We note that taking advantage of the homogeneous populations in the open clusters in the Kepler field can significantly reduce the uncertainty from the stellar properties, however, this also introduces a new challenge resulting from their relatively small CHeB populations (Bossini et al. 2017 ).
Our models with a solar-calibrated MLT parameter αMLT = 1.60 automatically match ∆ν during the CHeB phase. However, prior to the cessation of core convection they rapidly cross the ∆ν − ∆P1 diagram (which is also seen for the various CHeB models in Figure 3 in Bossini et al. 2015) and therefore predict the existence of more stars around ∆ν ≈ 3 µHz and ∆P1 ≈ 300 s than are observed. It is possible that a selection effect is responsible for the absence of observed stars in this part of the diagram. Alternatively, if αMLT were increased by around 0.5, the models would have higher ∆ν near the end of CHeB and they would match the stars with ∆ν ≈ 3.4 µHz. Stellar properties from the APOKASC catalogue (Pinsonneault et al. 2014) , Teff and log g, suggest these are indeed CHeB stars. If αMLT is assumed to be constant throughout the evolution, however, the agreement for the bulk of CHeB stars (with ∆ν ≈ 4 µHz) would be worsened. Here ∆P 1 is the predicted ℓ = 1 gmode period spacing for the most observable modes, which is calculated in the same way as ∆Π 1 except the region inside the outermost composition discontinuity in the partially mixed region is excluded, in accordance with the mode-trapping scenario proposed in Paper I.
Comparison with globular cluster star counts
In Paper II we determined empirically R2, the observed ratio of asymptotic giant branch to horizontal branch stars in globular clusters, and ∆ log L AGB HB , the luminosity difference between these two groups. We found that R2 = 0.117 ± 0.005 and ∆ log L AGB HB = 0.455 ± 0.012 for Galactic globular clusters without a blue extension to the horizontal branch. The evolution of models with standard overshoot, while chaotically dependent on numerical treatment and the overshooting formulation, generally predicts R2 significantly lower than is observed (around R2 0.10). While the predictions for ∆ log L AGB HB are consistent on average, the stochastic occurrence of CBP produces a wider AGB clump in the luminosity probability density function compared with globular cluster populations and this discrepancy is further worsened when a population of models is considered.
In Table 2 we summarize the evolution of our suite of 'globular cluster' models with different mixing prescriptions. We compare SOS sequences computed for a range of αi with a standardovershoot sequence. We choose reasonable estimates of the ingestion efficiency, αi ≤ 1.0, as well as some higher values, αi > 1.0 (and higher than is consistent with the theory). In the sequences with 0.05 ≤ αi ≤ 1.0 the CHeB lifetime is reduced compared with the standard overshoot by an average of 6 Myr (where the average is computed from a suite of models with increments of ∆αi = 0.05).
The evolution of the surface luminosity and central helium abundance for a sample of these models is shown in Figure 4 .
The SOS models with 0.05 ≤ αi ≤ 1.0 predict R2 = 0.101± 0.007 (where the uncertainty is one standard deviation), which is closer to observed value of R2 = 0.117 ± 0.005 than implied from standard overshoot models (R2 = 0.090 in this example and typically R2 < 0.10; see Paper II). Similarly, the luminosity difference between the HB and the AGB ∆ log L AGB HB = 0.449 ± 0.025 is consistent with observed value of ∆ log L AGB HB = 0.455 ± 0.012. Moreover, excluding the sequences with αi > 0.50 (the 'reasonable upper limit' suggested by Spruit 2015) improves the agreement with observations: for these we find R2 = 0.105 ± 0.005 and ∆ log L AGB HB = 0.449 ± 0.015. We do not find a monotonic dependence of R2, ∆ log L AGB HB , and the CHeB lifetime on αi when 0.05 ≤ αi ≤ 1.0. Instead, we observe a slight trend of increasing CHeB lifetime and decreasing R2 with an increase in αi beneath a significant scatter, which is driven by the chaotic evolution late in CHeB, when CBP occur.
Throughout the part of the evolution shown in Figure 4 the position of the convective core boundary is most unstable for the standard overshoot model, and consequently the central helium abundance is more variable (similar to the solar-mass and solarmetallicity models in Figure 2 ). In this particular example, much of the longer lifetime for the standard overshoot model results from the breathing pulse that occurs after 110 Myr. Prior to about 5 Myr before that event, the luminosity and central helium abundance evolution is similar to most of the SOS models. The difference between R2 for the standard overshoot sequence and the SOS models with α ≤ 1.0 would be minimized if CBP were avoided after 100 Myr.
In contrast with the evolution sequences with moderate ingestion efficiency, those with very low ingestion efficiency (αi ≤ 0.025) provide a worse match to the observed R2 than standard overshoot models. In the model with αi = 0.01, the CHeB lifetime is even longer than the standard overshoot sequence and the agreement with observations is poor: R2 = 0.060, ∆ log L AGB HB = 0.641. In that sequence, the slower expansion of the convection zone prevents it from dividing into two until after more than 70 Myr. This split occurs only once. By the end of CHeB there is no partially mixed region and the mass enclosed by the convection zone is 0.30 M⊙, much larger than for the higher αi models. Interestingly, the absence of a partially mixed region implies a better match to the high ∆Π1 inferred for stars in the Kepler field, without invoking mode trapping. However, this structure is ruled out by the inability to match R2 and ∆ log L AGB HB . Lastly, we note that the overall evolution of the αi = 0.01 sequence is remarkably similar to those with 'maximal overshoot' explored in Papers I and II.
At the opposite end of the spectrum, when αi is large, the CHeB lifetime is also increased (to an average of 121 Myr for models with αi > 1.0 compared with 111 Myr for models with 0.05 ≤ αi ≤ 1.0) and R2 reduced relative to the sequence with standard overshoot (0.085 compared with 0.101). In the SOS sequences with high αi, the mass enclosed by the convective core remains relatively stable once a partially mixed region is established (generally fluctuating by less than 0.02 M⊙). Late in CHeB, however, the faster ingestion rate is more conducive to CBP, and as a result more helium is mixed into the convection zone, extending the lifetime and reducing R2. In the next section we analyse how the development of CBP depends on the helium ingestion rate. 
Core breathing pulses
It is evident from our studies of globular cluster and solar-type stars in the previous sections that towards the end of CHeB the structures of the models with different overshooting prescriptions diverge. In order to investigate whether the reduced occurrence of CBP with SOS is due to differences in the structure during the prior evolution, we calculated an evolution sequence where we switched to SOS near the end of a run that began with standard overshoot, but before the first CBP. Changing the mixing scheme reduced the CHeB lifetime by 5 Myr and increased R2 from 0.090 to 0.102. We also tested the effect of doing the opposite: beginning the evolution with SOS and finishing it with standard overshoot. Switching to the standard overshoot scheme triggered a large breathing pulse that extended the CHeB lifetime by 11 Myr and decreased R2 from 0.103 to 0.079. Both of these tests indicate that the dominant factor controlling the evolution is the mixing scheme late in CHeB, rather than the structure that develops in the earlier more quiescent phase. Now that we have established that the divergent evolution late in CHeB is driven by differences in the current mixing prescription rather than differences already imprinted onto the stellar structure, we analyse this in detail by computing two 1 M⊙ evolution sequences beginning from the same model: one with SOS and αi = 0.25 and another with standard overshoot and fOS = 0.001. The initial structure is taken from the evolution of a globular cluster model with SOS and αi = 0.25 until the central helium mass fraction is Ycent = 0.106 and it begins to increase. The subsequent evolution of ∇rad/∇ad and composition is shown in Figure 5 . Additionally, Figure 6 shows 2 Myr of the evolution of ∇rad/∇ad for the SOS sequence.
In both the SOS and standard overshoot cases, mixing from overshoot initially increases the central helium abundance. The contrasting rate of increase, however, is critical. Although difficult to discern, the minimum in ∇rad/∇ad monotonically decreases slowly near m = 0.16 M⊙ (the location in the convection zone where it is lowest) for the model with αi = 0.25: it takes 10 5 yr for ∇rad/∇ad to decrease to unity, in which time the central helium abundance increases from Y = 0.106 to Y = 0.121. In contrast, in the standard overshoot model, ∇rad/∇ad decreases to below unity and the convection zone splits nearly instantly. The new convective shell then advances outward (in mass), leaving behind material with helium abundance increasing outward such that it is marginally stable, creating the composition profile that characterizes models with semiconvection (e.g. Robertson & Faulkner 1972) . After 2×10 4 yr in the standard overshoot sequence, when the core convection zone rapidly expands, the new reservoir of helium-rich material created by the advance of this convective shell is ingested, increasing the central helium abundance to Ycent = 0.136.
Regardless of the mixing scheme, the way that CBP terminate in these tests is no different from the long established picture (e.g. Castellani et al. 1971b Castellani et al. , 1985 . The value of the minimum value of ∇rad/∇ad inside the convection zone eventually decreases, which continues until ∇rad/∇ad < 1, when the convection zone splits, halting the transport of helium into the convective core. The rate of helium ingestion, however, is critical. When it is fast, a strong feedback loop is initiated: the increased helium mass fraction temporarily boosts the helium-burning luminosity and increases ∇rad. When the rate of ingestion is restricted, the luminosity increase is outweighed by the lower opacity and ∇rad decreases, reducing the amount of helium ingested. In order for the position of the convective boundary to be unstable, the rate of entrainment of helium into the coreṁi must be faster than the rate it burnsṁ b . If we require 
for the helium abundance in the convective core to increase, where ǫ b is the specific energy released from helium burning. In the model undergoing a breathing pulse in Figure 5 , αi 0.05 is needed for the central helium abundance to increase. This coincides with the disparate behaviour for the models with αi < 0.05 shown in Table 2 , which have reduced R2 and larger ∆ log L AGB HB .
Higher-mass models
We also test the effect of SOS for models with higher initial stellar mass: 2 M⊙, 5 M⊙, and 10 M⊙. The CHeB lifetimes for the suite of models, including some without any mixing beyond the Schwarzschild boundary (i.e. αi = 0) are shown in Table 3 .
Over the entire mass range, SOS significantly lengthens the CHeB lifetime compared with sequences without any convective overshoot (which is the case for any overshooting scheme). In models with M ≤ 5 M⊙, the inclusion of SOS shortens the CHeB lifetime compared with models with standard overshoot. This effect, however, diminishes with increasing initial mass, and is not apparent for the 10 M⊙ model. It is not surprising that the consequence of the mixing prescription around the convective core decreases for higher stellar mass because this corresponds to a growing contribution from hydrogen burning.
The efficiency parameter is least important to the 10 M⊙ sequences because none of the SOS models have CBP. The standard overshoot sequence has only one small breathing pulse, which marginally increases the maximum mass enclosed by the convective core, to m/M⊙ = 1.31 compared with m/M⊙ = 1.28 for the αi = 0.5 model. In that case, the secular expansion of the mass enclosed by the convective core shows the effect of the SOS efficiency: the higher αi, the closer the convection zone is to converging to a size such that ∇rad = ∇ad at its boundary. About three quarters of the way through CHeB, the boundary of the convective core is at m/M⊙ = 1.000, 1.042, 1.068, 1.076, and 1.081 for sequences with αi = 0.05, 0.10, 0.25, 0.5, and 1.0, respectively. This compares with m/M⊙ = 1.100 for the standard overshoot sequence.
None of the 5 M⊙ sequences with SOS have CBP, and as a result their lifetime is less than the standard overshoot model, which has one breathing pulse. Only two of the five 2 M⊙ models with SOS have a breathing pulse with ∆Ycent > 0.05. In contrast, the standard overshoot model has three such CBP, increasing the CHeB lifetime by more than 11 Myr compared with the longest lived SOS sequence.
Applicability to other phases of evolution
The constraint on the growth of convection zones that is explored in this paper is only relevant when there is a composition discontinuity and the convective luminosity does not vanish at the convective boundary. Considering that ∇ad only weakly depends on composition, this necessitates the radiative temperature gradient
be discontinuous across the convective boundary. Given that P (r), L(r), T (r), and g(r) must be continuous, the discontinuity must be in the opacity κ, and such that the opacity is higher inside the convection zone than outside. This condition is satisfied in the CHeB case because carbon and oxygen are both more opaque than helium. If, for example, this ingestion limit were applied to the well-studied case of main sequence convective core overshooting, no additional mixing beyond the Schwarzschild boundary would be permitted, whereas it is needed to conform with various lines of observational evidence, including observations of open clusters (Maeder & Meynet 1991) , eclipsing binaries (Ribas et al. 2000; Claret 2007; Meng & Zhang 2014; Stancliffe et al. 2015; Claret & Torres 2016; Valle et al. 2017) , and asteroseismology (Silva Aguirre et al. 2013; Guenther et al. 2014; Yang et al. 2015; Deheuvels et al. 2016; Bazot et al. 2016 ). This suggests that there are other physical processes determining the location of the convective boundary in different physical regimes (cf. Viallet et al. 2015) .
SUMMARY AND CONCLUSIONS
In this study we examined the importance of the limit on the ingestion of helium into convective helium-burning cores recently proposed by Spruit (2015) . This topic is of great interest because the evolution of core helium burning models is still subject to the uncertain mixing at the convective core boundary, and recently, novel asteroseismic observations have suggested there may be a fundamental problem with the models. Using the Monash University stellar evolution code, we computed a suite of "Spruit overshoot" evolution sequences with a range of initial mass 0.83 ≤ M/M⊙ ≤ 10.0 and overshooting efficiency αi. We then assessed these models against the constraints from asteroseismology and globular cluster star counts that were outlined in the first two papers in this series.
The overall evolution of models with Spruit overshoot is relatively insensitive to the choice of αi provided it is neither too low or too high, i.e. when 0.05 αi 1.0. For the most part, the evolution with Spruit overshoot is similar to that resulting from applying an exponential decay of the diffusion coefficient at each convective boundary ("standard overshoot"). In the first half of CHeB, the growth of the convective core is consistent with sequences with standard overshoot. Later in the evolution, however, the position of the convective core boundary does not become as unstable as it does in standard overshoot models. Crucially, large episodes of helium ingestion, i.e. core breathing pulses, are suppressed, or in some cases, avoided entirely. In all low mass (M ≤ 5 M⊙) cases, reasonable values of the efficiency, i.e. 0.05 ≤ αi ≤ 1.0, reduce the CHeB lifetime compared with standard overshoot models.
The reduction in the extent of core breathing pulses in the Spruit overshoot sequences minimizes several discrepancies that exist between observations of field and Galactic globular cluster stars and standard overshoot models. Models with Spruit overshoot (and αi ≤ 1.0) more closely match two constraints from star counts in globular clusters: R2 and ∆ log L AGB HB . Additionally, because of the reduction of core breathing pulses, theoretical predictions for the luminosity probability density function resulting from models with Spruit overshoot have a sharper peak around the AGB clump, concordant with the observations. Lastly, in the modetrapping scenario posited in Paper I to help reconcile models with asteroseismology, predictions from Spruit overshoot imply fewer stars with anomalously high g-mode period spacing near the end of core helium burning.
We conclude by stressing that we do not claim to present a complete theory: the constraint from Spruit (2015) involves a simplification that ignores non-local effects. Instead, we have shown that substantial core breathing pulses are disfavoured, and a range of observations of core helium burning stars better matched, when accommodating this straightforward and physically motivated limitation on mixing. In other phases, the situation appears more complex: an equivalent constraint is presumably violated during convective core hydrogen burning, when mixing beyond the Schwarzschild boundary is necessarily invoked to explain various observations. We recommend further investigation into whether equivalent ingestion limits are applicable and important to other phases of stellar evolution and also whether the formulation used in this paper is consistent with results from state-of-the-art 3-dimensional hydrodynamical simulations (e.g. Campbell et al. 2016) .
